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A bijection is ntroduced in the set of all ordered trees having n edges from which 
one derives that, for each positive integer q, the parameters "number of nodes of 
degree q" and "number of odd-level nodes of degree q -  1" are equidistributed. 
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A rooted tree is a finite set S of one or more nodes such that (a) there 
is one specially designated node, called the root of the tree, and (b) the 
remaining nodes are part i t ioned into m ~>0 disjoint sets S~ ..... Sm, and 
each of the sets in turn is a rooted tree. The trees S~ ..... Sm are called the 
subtrees of the root. 
We visualize a tree with the root at the top, the root being jo ined with 
the roots of its subtrees by line segments, called edges. The number of sub- 
trees of a node is called the degree of that node. A node of degree zero is
called a leaf a node of posit ive degree is called an internal node, and a node 
of degree at least 2 is called a branching node. By the level of a node we 
mean the number of edges separating it from the root. An ordered tree is 
a rooted tree where the order of the subtrees of  a node is significant. 
We denote by T,  the set of all ordered trees with n edges. The set T o 
consists only of the single-node tree, called the empty tree, denoted by e. It 
is wel l -known that the number of all ordered trees with n edges is the 
2n Catalan number C, = ~ ( , ) ,  the coefficient of z n of the Catalan function 
C(z) = (1 - x/1 - 4z)/Zz. 
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We should mention the closely related Motzkin numbers. They were 
introduced in [ 10] as the number of ways of selecting n points on a circle 
either singly or in noncrossing pairs. Their first values are 1, 1, 2, 4, 9, 21, 
51, 127 ..... An explicit formula for the Motzkin numbers Me, is in terms of 
the Catalan numbers [5] Mn = Y~i~>0 ("~2i~ Ci. 
Numerous nonnegative integer-valued statistics have been defined for an 
ordered tree. For example, some parameters are: the number of leaves, the 
degree of the root, the number of branching nodes, the level of the leftmost 
leaf, etc. (see, for example, [ 1-3, 11 ] ). 
We say that two parameters Pl and P2 are equidistributed if for each 
pair of nonnegative integers n and k the sets {rcT , , :p j ( r )=k} and 
{ r e T,," p2(r) = k} are equinumeArous. 
We will introduce a bijection ( ): T,, --, T,, which we will use to obtain for 
each positive integer q the equidistribution of the following two parameters: 
(i) number of nodes of degree q; 
(ii) number of odd-level nodes of degree q -  1. 
A 
We define the mapping ( ) inductively. First we set g = e. For a nonempty 
tree ~ c T,,, 
where r~, "L'2, . . . ,  "fro are trees, we define 
It is easy to see by induction that 4 E T,, and that he defined mapping 
is a bijection. The correspondences for trees with 1, 2, and 3 edges are 
given in Fig. 1. 
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The main property of this bijection is contained in the following theorem. 
THEOREM 1. (i) For an ordered tree ~ the number of nodes having degree 
q (q/> 1), is equal to the number of odd-level nodes" of¢~ having degree q -  1. 
(ii) For an ordered tree ~ the number of nodes of degree 0 (i.e., leaves 
in the case of a nonempty tree) is equal to the number of even-level nodes 
ofa. 
The proof is by induction on the number of edges of the tree. Both 
statements hold for the empty tree (0 = 0, 1 = 1 ). Let ~ be an arbitrary 
nonempty ordered tree with subtrees r l ,  r2 ..... %,. The induction step goes 
through at once provided we take into account the following three simple 
facts: (i) the tree ~ has more edges than each of the trees r~, T 2 . . . . .  "Cm; 
(ii) if a node of ~ is in some ~j, then the parity of its level in ~j is the same 
as the parity of its level in ~; (iii) the only node of ~ that is not in any of 
the "Cj's is the root, having degree m; on the other hand, the only node of 
c~ that is not in any of the fj's is the rightmost child of the root, which .is 
at level 1 and has degree m-  1. 
From Theorem 1 we obtain the following two corollaries. 
COROLLARY 1. For each positive integer q the following two parameters 
on the set of all ordered trees are equidistributed: (i) the number of nodes of 
degree q; (ii) the number of odd-level nodes of degree q -  1. 
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COROLLARY 2. The following two parameters on the set of all ordered 
trees are equidistributed: (i) the number of leaves; (ii) the number of 
even-level nodes. 
It is well known that the parameters of Corollary 2 have the Narayana 
distribution (see, for example, [2, 3]). 
Remark 1. Making use of a well-known bijection between ordered trees 
and Dyck paths (the "glove" bijection), one can easily see that Corollary 
2 is equivalent to the known equidistribution of the parameters "number of 
valleys" and "number of even-level rises" on the set of all Dyck paths (see, 
for example, [8, 13-15, 17]). 
From Corollary 1 we obtain 
COROLLARY 3. For each positive integer q the following two parameters 
on the set of all ordered trees are equidistributed: (i) the number of nodes of 
degree at least q; (ii) the number of odd-level nodes of degree at least q -  1. 
Remark 2. For q = 3 Corollary 3 gives the equidistribution f the follow- 
ing two parameters: (i) number of nodes of degree at least 3; (ii) number of 
odd-level branching nodes. 
From here, in particular, taking into account hat ordered trees with no 
nodes of degree higher than 2 are enumerated by the Motzkin numbers 
[ 4, 5, 7 ], it follows that also the ordered trees with no branching nodes at 
odd levels are enumerated by the Motzkin numbers. This i a relatively 
recent result of A. Kuznetsov, I. Pak, and A. Postnikov [ 9 ], which, inciden- 
tally, has inspired the present note. 
Remark 3. From the definition of our bijection r--, f it is immediate 
that 
Now, from Corollary 1 and from the fact that ordered trees in which no 
node, the root excepted, has degree 1, are enumerated by the Motzkin 
numbers [ 4, 5 ], it follows that ordered trees with no odd-level leaves, with 
the possible xception of a rightmost childless child of the root, are enumerated 
by the Motzkin numbers. For example, the M 4 ~9 such trees with five 
edges are 
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If we write the set of all ordered trees as the disjoint union of trees of 
root degree d, (d=O, 1, 2, 3 .... ), and make use of the so-called symbolic 
method (see, for example, [12, p. 118]), then we can easily see that the 
generating function G(t,  z )  for ordered trees, where z marks the number of 
edges and t marks the number of nodes of degree at least q, satisfies the 
equation 
G = 1 + zG + 2"2G 2 q'- - - -  -]- Z 't - I G q J + tzqG q + tz  u + 1G q + r + . . .  
or  
( t -  1) z'IG'~ + zG2-G + 1 =0. 
Setting zG= Y, the above equation can be written as Y=z  ' I~ '~ Y' I Y , a 
direct case of the application of the Lagrange inversion theorem (see, for 
example, [ 16, Theorem 5.1.1]). By a straightforward computation we find 
that the number a,,, k of ordered trees having n edges and k nodes of degree 
at least q is given by 
i=o i n 
For the number a,, of nodes of degree at least q in all ordered trees with 
n edges we find 
8G C"(z) =(2n-q l  
(for the last equality see [6, p. 203; 16, p. 54]). This is consistent with the 
result of Dershowitz and Zaks regarding the number of nodes of degree d 
in all ordered trees with n edges [2, 3]. Now, for the expected number of 
nodes of degree at least q in a random ordered tree with n edges we find 
~n I];!= o(n + 1 -- i) n 
C,, l r [7=~(2n+l - i )  2" 
NOTE 215 
ACKNOWLEDGMENTS 
The author expresses his appreciation to L. W. Shapiro, R. A. Sulanke, and to an 
anonymous referee for helpful comments and suggestions. 
REFERENCES 
1. B. Dasarathy and C. Yang, A transformation on ordered trees, (~mTput. J. 23, No. 2 
(1980), 161 164. 
2. N. Dershowitz and S. Zaks, Enumerations of ordered trees, Discrete Math. 31 (1980), 
9 28. 
3. N. Dershowitz and S. Zaks, Applied tree enumerations, in "Lecture Notes in Computer 
Science," Vol. 112, pp. 180-193, Springer-Verlag, Berlin, 1981. 
4. R. Donaghey, Restricted plane tree representations of four Motzkin Catalan equations, 
J. Combin. Theory Ser. B 23 (1977), 114-121. 
5. R. Donaghey and L. W. Shapiro, Motzkin numbers, J. Comhin. Theory Ser. A 23 (1977), 
291 301. 
6. R. L. Graham, D. E. Knuth, and O. Patashnik, "Concrete Mathematics," 2nd ed., Addison 
Wesley, Reading, MA, 1994. 
7. D. A. Klarner, Correspondences between plane trees and binary sequences, J. Comhin. 
Theory 9 (1970), 401 411. 
8. G. Kreweras, Joint distributions of three descriptive parameters of bridges, in "Lecture 
Notes in Mathematics," Vol. 1234, pp. 177-191, Springer-Verlag, Berlin, 1986. 
9. A. Kuznetsov, I. Pak, and A. Postnikov, Trees associated with the Motzkin numbers, 
J. Comhin. Theory Ser. A 76 (1996), 145 147. 
I0. T. Motzkin, Relations between hypersurface ross ratios, and a combinatorial formula for 
partitions of a polygon, for permanent preponderance, and for nonassociative products, 
Bull. Amer. Math. Soc. 54 (1948), 352 360. 
11. J. Riordan, Enumeration of plane trees by branches and endpoints, J. Comhin. Theor) 
Ser. A 19 (1975), 214-222. 
12. R. Sedgewick and P. Flajolet, "An Introduction to the Analysis of Algorithms," Addison 
Wesley, Reading, MA, 1996. 
13. R. A. Sulanke, A symmetric variation of a distribution of Kreweras and Poupard, 
J. Statist. Plann. InJ~rence 34 (1993), 291-303. 
14. R. A. Sulanke, Catalan path statistics having the Narayana distribution, Discrete Math. 
180 (1998), 369-389. 
15. R. A. Sulanke, Constraint-sensitive Catalan path statistics having the Narayana distribu- 
tion, Discrete Math. 204 (1999), 397-414. 
16. H. S. Will, "Generatingfunctionology," 2nd ed., Academic Press, New York, 1994. 
17. D. Zeilberger, Six 6tudes in generating functions, lnternat, J. Comput. Math. 29 (1989), 
201 215. 
